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Problem Statement

If an LLM says something is
“likely,” how much should we
actually trust that number?



Problem Statement

Estimate a trustworthy probability under partial information: P(O; | C)

» LLMs often output the same probability for different conditions, causing

ties and unreliable downstream decisions

The government can build two charging stations: one in Area A (A1 or A2) and one in Area B (B1 or B2). They must
choose either (A1,B2) or (A2,B1) to ensure balanced coverage and avoid overlap. Which option should they choose?
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Location A1 is situated on a busy highway in an area with a high - -

: S % ' 90% 1 86.2 %
concentration of EVs but currently lacks any existing charging stations. g
Location A2 is on a busy highway with no existing charging stations. 90% 2 74.3%
Location B1 is off main travel routes and has sufficient infrastructure to 60% 3 ( 65.5 %
support a charging station. DA
Location B2 is off main travel routes and has numerous nearby amenities 60% 4 ( 62.6 %
for rest and convenience. ) J
a [What’s your final decision? J | cannot decide. A1, B2
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Why Probability

Probabilities are needed for:

 Optimization under constraints (e.g., choose k locations under budget)
« Evidence strength comparison (avoid frequent ties)
 Uncertainty-aware actions (when to ask follow-up questions)
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Motivation: Why current LLMs fall short

Current LLMs are not ideal for probability estimation because:
« Numerical probabilities can be inaccurate / overconfident
» The estimation process is often not interpretable or controllable
« LLMs can generate relevant factors + coarse probabilities
 But cannot produce coherent calibrated probabilities directly

Goal of this paper:
* Infer better probabilities and expose an interpretable process
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Prior Works

Direct inference in LLMs

 Chain-of-Thought prompting: produces reasoning + verbalized probabilities,
but does not enforce calibration/coherence

« Self-consistency: sampling multiple CoT paths improves reasoning stability

Confidence / calibration elicitation

 Just ask for calibration: prompting strategies for calibrated confidence scores

» Can LLMs express their uncertainty? empirical study of confidence elicitation

Probabilistic reasoning with language

e Uncertain Natural Language Inference: extracting uncertainty/probability in
NLI settings

e ThinkSum: probabilistic reasoning over sets using LLMs

* From word models to world models: NL — probabilistic “world model”
representations
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Background: Marginalization

When context is incomplete, inference marginalizes over unobserved “complete
states” f

N
P(0;|C) = P(Oilf) [[P(FilC)
feF J=1

o f :full assignment of factor values
* This turns the problem into modeling P(O; | f) and estimating P(f | C)
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Background: Tractability via Conditional Independence

Factorize:

P(f10) =] P(s; 1 ©)

» makes inference computable
« introduces a modeling assumption (correlated factors can be challenging)
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Method Overview

Scenario S: The government is planning the locations for building charging stations.

BIRD = BayeS|an Inference e S | g | T

from Abduction and

Deduction

« Abduction: generate a
comprehensive factor
set, then learn Bayesian
parameters

» Deduction: map specific
conditions to factor
values via entailment,

theninfer P(O | C)

! | Condition U1:

,{1 High adoption rate of electric vehicles (EV) in the area ]

\ | The location is situated on a © | 2. Low electric vehicle ownership among residents ]

. | busy highway in an area with r’, ‘b ility of !

. | a high concentration of EVs i L b Y 1T

| but currently lacks any [ 1. Sufficient infrastructure to support a charging station ] C i The govemr.nent Shoui

; | esRg g sations, ‘ ‘ I 2. Insufficient infrastructure to support a charging station | © if| build a charging station here. | -
‘ \ -\ c. Proximity to Existing Charging Stations * | P(Outcome 1S, U1) = 862% :
! z 1. No nearby charging stations | 1 fi :
. | Condition U2: g :
i iz ./ ' P( Outcome 1 U2)=743% .
: Ilhe locam:s on al I:IUSY : ] 2. Several charging stations nearby | ¢ " — :
chgargin’g staﬂon::x g 3 . A \d. Route to Popular Long-Haul Destinations A

i 1. Location is on a major travel route, serving long-distance EV travelers I 1\

- [Z.Oﬁmain travel routes, limiting usage to local residents ]
i/ e. Availability of Amenities i

. i\ Outcome 2: ;
i The government should not | -

: © | 1. Nearby amenities like restaurants, shops, and rest areas for users while charging | i | build a charging station here. | :
I 2. Lack of amenities like restaurants, shops, or rest areas for users while charging P(Outcome 2| S, U3) = 95.6 %
N\ . f.Land use and zoning regulations i
i\ [ 1. Area zoned for cial or industrial use, allowing for a charging station ] it
2. Area zoned for residential or protected use, prohibiting a charging station P
@ 3 LLMEntaiment @ | 1. Abductive Factor Generation Bayesian Probability
Condition-Factor Mapping & 2, CPT Calculation Estimation
R e e B e B e e e e R T R
1 1
! 2 What follow-up question should | ask to further confirm « | Is the location zoned for commercial or '
i | Usage of BIRD: Follow-up it R pesttens kbl industrial use that allows for the construction | !
1 uestion generation .
i 9 g q to build a charging station? of a charging station? i
1
1
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Method: Abductive Factor generation

Given a scenario S, LLM generates:

1. Additional Sentence Sampling
« Generating sentences

describing situations which
would increase the likelihood
of an outcome.

« Alternative Exploration

» Parametric Knowledge

« Scenario Contextualization

SYSTEM

You are given a scenario and an accompanying hypothesis. Generate
5 sentences covering different conditions that would add objective
information relevant to the hypothesis such that the hypothesis is
more likely to hold true. The information should not definitively
imply the hypothesis. You must follow the below structure to just
generate sentences with no explanations.

USER

Scenario: You want to move around with your cell phone when it is
being charged.

Hypothesis: You can move around more freely with your cell phone
if it is being charged with a one-foot cord rather than a six—foot
cord.

ASSISTANT

# The cell phone is being charged with a| portable power bank
located in your pocket, allowing you to move around without being
tethered to a fixed outlet.

# The user is working in a |compact space| where longer cords could
easily snag on furniture or equipment, thus a one-foot cord could
minimize this risk.

# The phone is needed for tasks that require [frequent handling|and
close proximity to the user, making a shorter cord more practical
to avoid excessive dangling.

# The charging setup includes a small| desktop charger |that keeps
the phone elevated and stable, limiting the practicality of a
longer cord.

# The user is in a|busy environment| like a kitchen or workshop,
where shorter cords can reduce the hazard of tripping or catching
on moving objects.

Figure 5: Example Additional Sentence Sampling Prompt
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Method: Abductive Factor generation

SYSTEM

G 1 H S LLM -t . From the given sentences for each outcome, identify and list

Iven a Scenarlo ) genera eS. distinct and concrete factors, ensuring each is broad yet specific
and focuses on a unique aspect.

Your response should strictly adhere to the JSON format provided,

without additional explanations.

For example: {"distinct factor™ <ENSURE each factor focuses on a

unique aspect>: "factor values"™ <Each factor MUST cover at least

one condition to support the Statement and one condition to support

. . o s 3
2 " Fa Cto r S u m m a rI Z at I O n [ ihe 2:23::t€hata;:2:n;m>:20r’ s value MUST directly reference ]

specific elements mentioned in the statements, avoiding vague terms
. . like ’"the object’.
PY 2. Ensure the factor values are not too concrete.
Sul I lI I larIZIng Sal I Ipled Sentences 3. Do not only mention the common situations.
USER
Scenario: You are charging your cell phone and wish to move around

into discrete factors with e e e

»ing charged with a six feet cord rather than a one feet

cord.

M H Sentences:
corresponding poten’ua values P s e L e e
[ range of movement |while using the cell phone. This is because the
addition) of the six-foot cord gives the user a larger

« Feature Extraction Ty e ot el e el
M M i T is ng charged with a one-foot cord rather than a six-foot
* Discrete Variables
.
« JSON Formatting

USB port on a

because 1

the user prefers
times, a one-foot
risk of tripping
ASSISTANT

radius of movement"], =
"The location of the phone charger"™: Eorgla
["The user leaves the charger somewhere", "The user carries the ec

charger™]}

Figure 6: E Factor § ization from Additional Sentences Prompt
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Method: Abductive Factor generation

G |Ven a Scen a rl O S, I— I—M ge n erates EXAMPLE PROMPT FOR DECIDING THE VALUE BETTER SUPPORTS WHICH OUTCOME

SYSTEM
Decide whether each of the given values supports Statement 1 or
. . . . Statement. 2. The statement and opposite statement are provided,
3_ Factor Fllterlng & Valldatlon along with a list of values. Determine which statement each value
supports. You must follow the below structure to just generate
json with an explanation.

» Assessing how each factor value e

Explanation: <explanations for how each value supports which

affects the decision to eliminate statement> L

List: { "value 1":<output only|Statement 1, Statement 2, Both, or

Neither>, "value 2":<output only Statement 1, Statement 2, Both, or

irrelevant signals Neithers]
Here is a scenario: ... I’d like you to determine which statement

« Outcome Support Classification Gacieiice dinciits

Values: 5
1 * Statement 1:
. P
rljr]lr]g; * Statement 2: .
Please analyze each value and determine which statement it

* Neutral Intermediate Space sipporks.
Explanation: [step-by-step analysis here]
List: { "value":"Statement 1" }

Figure 7: Example Prompt for Deciding the Value Better Supports Which Qutcome
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Method: Parameterize P(O | f) via Bayesian Approximation

Avoids exponential CPT growth by using logarithmic opinion pooling instead of
a full joint conditional probability table:

 Logarithmic Opinion Pool: Instead of a full joint CPT, BIRD uses one learnable
parameter P(O; | f;) per factoper value

Then:

« Combinatorial Sampling: BIRD samples full assignments
product space

« Approximation Formula: It computes an approximated Pestimated (Oil f) by
aggregating factor-level parameters via the derived log-opinion-pool formula
(not a learned joint CPT)

feF

from the
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Method: CPT Optimization via Coarse LLM Probabilities

No ground-truth probabilities for P(O| f)
Use LLM coarse estimates as a supervision signal:

« Verbalized Supervision: BIRD queries LLMs for coarse probability scores
on sampled complete information instances.

. Constrained Optimization: Parameters are optimized by minimizing the
MSE Loss between P \;and P (0.1 f)

. Directional Consistency: A Margin Ranking Loss ensures the trained

individual probabilities preserve the original support direction of the
factors.

High-level benefit: Aligns LLM probability behavior with Bayesian constraints

and qgives better error tolerance Gy Georoia
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Method: Deduction via Context-to-Factor Mapping

At inference time, each context C is mapped to some factor values jj via

entailment

« LLM Entailment: Each context C (Scenario S + Condition U) is mapped to
specific factor values fj via an entailment classification

» Observed Factors: Factors directly implied by the context receive a
high-confidence assignment

» Unobserved Factors: Factors not mentioned in the context are marginalized
out under a uniform prior over their possible values

- Context Sensitivity: P(O|C') becomes highly sensitive to nuances because
different conditions U activate different sets of factor values
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Method: Bayesian Marginalization Logic

Bridging the gap between partial observations and accurate probability

estimation:

« Handling Incomplete Information: In real-world scenarios, a condition often
only triggers a subset of factors

 Neutrality Principle: For any unobserved factor F,,, , BIRD assumes an equal
probability for all its possible values fjm to remain unbiased

« Marginalization Formula: The final outcome probability is the weighted sum
of probabilities across the entire information space F

P(Os]|C) = > sex P(O:] f)P(f|C)
 Contextual Nuance: By summing over all possibilities, the model captures
fine-grained differences that direct LLM prompting typically misses ity Seorgia

Tech.



Method: Final Inference & Trustworthy Outcomes

 Every probability is traceable to specific natural-language factors, providing a
transparent "audit trail” for the decision

« By grounding inference in neutral intermediate factors, the framework filters
out spurious correlations and inductive biases
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Evaluation

Two evaluation views:

* Intrinsic: probability alignment with human preferences

» Extrinsic: decision-making accuracy using predicted probabilities

 Paper headline: BIRD probabilities are more reliable and aligns with human
preference judgments on ~30% more instances compared to direct LLM

probabilities
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Experimental Setup

Benchmarking BIRD across diverse reasoning and planning domains:
- Base Models: Llama-2-70B and Llama-3.1-70B Instruct versions
« Core Datasets:
« COMMON2SENSE: General commonsense reasoning (216 scenarios, 3,822
instances)
« PLASMA: Procedural planning and counterfactual reasoning (279 scenarios,
1,395 instances)
« TODAY: Complex temporal reasoning, identifled as the most challenging
benchmark
« Human Gold Standard: 350 instances annotated via Amazon Mechanical Turk with
rigorous quality control
 Training Hyperparameters: Learning rate of 1e-02, 20 epochs, and a batch size of 4

Gr_. Georgia
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Intrinsic Experimental Setup

Setup: Given scenario S, find two conditions supporting O1 over 02 (making
01 the chosen outcome).

Goal: Find which of the two conditions better supports O1 over 02 by
predicting conditional probabilities P(Qi|Ci)

Rather than having two contexts which support different outcomes, this
requires a much more fine-grained probability estimation.

Ablatlons

1/2 Assumption: Instead of learning P(Qi[f), set P(Qilf) = 1 if all factors support Qi or are
neutral, else 0

1/n Assumption: Set P(0Qilf) to the fraction of factors which support Oi.

Fixed Init: Coarsely assign P(Qilf) by directing LLM to guess which outcome is more
supported by f.

Gr Georgia
Tech.



Intrinsic Results: Human Preference Alignment

Testing BIRD’s ability to
distinguish subtle probability
nuances (C, vs. C)):

BIRD (optimized) reaches
~0.59 Average F1 (Llama2 and
Llama3.1).

Baseline Gap: Vanilla and CoT
methods show weak
discrimination when predicting
separate conditions

Ablations (1/2, 1/n, fixed init)
underperform optimized
learning, supporting the CPT
fitting step

Model Different;  Different; Same  Average
Random Guessing 0.333 0.333 0.333 0.333
GPT3.5 CoT 0.306 0.306 0.242 0.283
GPT4 CoT 0.312 0.357 0.216 0.289
Llama2-70b Instruct Logit 0.263 0.228 0.205 0.228
Llama2-70b Instruct Vanilla 0.375 0.333 0.243 0.311
Llama2-70b Instruct CoT 0.315 0.323 0.254 0.294
Llama3.1-70b Instruct Logit 0.300 0.282 0.242 0.269
Llama3.1-70b Instruct Vanilla 0.365 0.301 0.251 0.303
Llama3.1-70b Instruct CoT 0.373 0.351 0.187 0.309
Llama2-70b Instruct EC* 0.530 0.529 0.207 0.503
Llama3.1-70b Instruct EC* 0.535 0.538 0.286 0.511
GPT4 EC* 0.588 0.533 0.300 0.540
Llama3.1 BIRD (ablation w 1/2 assumption) 0.527 0.532 0.196 0.480
Llama3.1 BIRD (ablation w 1/n assumption) 0.572 0.584 0.272 0.532
Llama3.1 BIRD (ablation w fixed initial prob) 0.614 0.597 0.337 0.568
Llama2 BIRD (ours w optimized prob) 0.614 0.624 0.450 0.592
Llama3.1 BIRD (ours w optimized prob) 0.612 0.625 0.382 0.588
Gr Georgia
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Extrinsic: Decision making

Decision rule: pick argmax{P(0,|C),P(0,|C)}

 BIRD probabilities are accurate enough for direct decision-making.

« With Llama-3.1, BIRD outperforms CoT baseline across the listed benchmarks.

« Gains are strongest on the most challenging dataset (TODAY), where CoT tends to fail
more.

Dataset BIRD_1/2 BIRD_1/n  BIRD_fixed_prob BIRD_optimized (ours) CoT

Llama-2-70b-instruct
TODAY 73.7 72.8 73.4 73.9 71.5

PLASMA 72.8 72.3 427 74.0 76.8
COMMON2SENSE 86.9 86.8 87.5 89.0 93.8
Llama-3.1-70b-Instruct
TODAY 65.5 68.9 65.5 74.3 72.6
PLASMA 71.3 66.5 65.7 73.0 TL.5
COMMON2SENSE 78.1 85.4 86.7 92.3 90.8

Table 2: Performance comparisons of BIRD and baselines on decision-making benchmarks.
BIRD_optimized is our final model; chain-of-thought with self-consistency (CoT) is our main base-
line; others are ablation baselines.
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Extrinsic: Soft Supervision Application

BIRD as a "Probability Teacher" for model distillation

 Soft Labels: Continuous probabilities provide richer training signals than binary
hard labels

« Distillation Gain: Fine-tuning T5-large with BIRD probabilities improves
cross-domain average by 1.3%

 Generalization: Superior performance across temporal and planning tasks

Model (Train Data) TODAY (exp) TODAY TRACIE MATRES PLASMA  Average

T5_ large 77.8 57.9 73.0 83.5 48.1 65.6
+ hard label 83.6 62.9 68.2 752 65.2 67.9
+ BIRD prob (ours) 84.3 63.4 71.4 77.6 63.3 68.9
PatternTime 82.2 60.9 79.8 85.8 50.5 69.3
+ hard label 83.9 61.8 76.2 83.7 56.9 69.7
+ BIRD prob (ours) 85.1 62.6 159 85.1 61.5 71.2

Table 3: System performances under different supervision data across three binary temporal bench-
marks and one binary planning benchmark. For simplicity, we use “hard label” representing that we
use COMMON2SENSE supervision data with explicit binary labels, and “BIRD prob” representing
that we use COMMON2SENSE supervision data with estimated probabilities. TODAY (exp) uses gold

explanations during evaluation. Gr %‘eoigia
ecn.



Takeaways

 Direct LLM probabilities can be unreliable; ties make planning fail.

 BIRD: LLM factorization + Bayesian inference — more discriminative,
interpretable probabilities.

» Improvements show up in intrinsic preference alignment and decision tasks.
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